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Dear colleagues, 

I am pleased to publish Interim Proceedings of the 44th Conference of the International Group 
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Education (IGPME) decided to postpone PME 44 to 20 to 24th July 2021. However, we 
published a total of 78 research reports which have been submitted and reviewed in this 
Interim Proceedings.  

These 78 research reports are about different research scopes and approaches of new 
developments and innovation in mathematics education and matching with the theme of this 
conference which is “Mathematics Education in the 4th Industrial Revolution: Thinking Skills 
for the Future”. The Interim Proceedings is guided by the reviewers, editors, and International 
Programme Committee (IPC).   

I would like to express my appreciation to our co-hosting, the Institute for Research and 
Development in Teaching Profession for ASEAN, the Institute for Promotion for the 
Promotion of Teaching Science and Technology (IPST), Centre of Excellence in 
Mathematics, Center for Research in Mathematics Education, the Educational Foundation for 
Development of Thinking Skills, Thailand Society of Mathematics Education. 

Finally, the Local Organizing Committee (LOC) would like to invite you to attend the 44th 
Annual Meeting of the IGPME in Khon Kaen by 20 to 24th July 2021.  

 

Thank you 

Best regards 

 

Associate Professor Dr. Maitree Inprasitha, 
Khon Kaen University 
 
The 2020 Virtual Meeting of the IGPME Chair, 
The 2021 PME 44 Conference Chair 
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PROPOSED IN THE MATHEMATICS CHILEAN 
CURRICULUM OF SECONDARY EDUCATION 
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The present research report takes one of the key notions of statistics and 
probability as an object of study: the random variable, studied from its discrete 
character. Supported by the theorical-methodological tools from the Onto-
Semiotic Approach (OSA) of mathematical cognition and instruction, it was 
possible to define the reference meaning that diverse authors have built upon 
this mathematical object,  in order to study the representativeness of the 
institutional meaning and the types of mathematical practices expected and 
fostered by the Chilean mathematics curriculum for secondary education, to 
learn the discrete random variable. The context of the proposed tasks plays a 
key role, and in our work the possible relations between these and the meanings 
of the discrete random variable promoted in textbooks, are also analyzed. 
RANDOM VARIABLE AS A FUNDAMENTAL IDEA 
The advances in science and technology, the exponential growth in data 
collection systems, a globalized world that bombards day by day its citizens 
with information through figures and graphs, have generated the need for new 
analytic tools for the people, that could help them in the correct interpretation of 
the information surrounding them. A key tool in this process is the so-called 
statistical culture. Batanero (2002) explains that statistics have had a 
fundamental role in the development of modern society, as it has provided a 
battery of methodological tools to analyze variability, relations among 
variables, design of studies and experiments, and improve the predictions to 
make decisions in situations of uncertainty.  
Because of the foregoing, the need to count with citizens culturized on statistics 
have become an objective for leaders of diverse nations, who have promoted the 
incorporation of statistics and probability in formal education. In this sense, 
researchers and teachers have contributed to define curricular lines that allow 
addressing these topics. The teaching of stochastic ideas throughout the 
education process, began to be conceived by Bruner (1959; cited in Ruiz, 2013), 
who in September of 1959 in the Woods Hole Conference, proposed the idea of 
a spiral curriculum consisting of a series of possible fundamental ideas to teach 
in different levels of complexity from preschool to university. Years later, 
Heitele (1975) boldly proposed ten fundamental ideas in stochastic, based on 
psychological and epistemological reflections, that is to say: Expressions of 
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belief, the probability field, independence, the addition rule, equidistribution 
and symmetry, combinatorics, urn model and simulation, stochastic variable, 
the law of large numbers, and sample. 
Heitele established the random variable as a fundamental idea from three 
perspectives: the epistemological in which plays a basic role in the 
mathematization of probability through history; the psychological in which the 
intuition of magnitudes where chance participates, arises earlier than that of 
random experiment; and as an explanatory model in which plays a key role in 
three aspects, its distribution, its expectancy and operations between random 
variables. Nevertheless, even when the importance of the random variable is 
well-known, how does the mathematics curriculum and textbooks in the Chilean 
context address the study of this notion? The present research report presents 
the advances of a developing study about the meanings of the (discrete) random 
variable, expected and promoted by the mathematics Chilean curriculum 
(understood as the duo <Plans of study and textbooks>) and the 
representativeness of those meanings regarding the reference meaning of the 
random variable.  
THEORETICAL FRAMEWORK 
The present work uses some theoretical-methodological notions of the Onto-
Semiotic Approach (OSA) of mathematical cognition and instruction. To study 
a mathematical concept, it is necessary to comprehend its characteristics, 
scopes, fields of action, among other elements that might compose it, and thus 
having a deeper understanding of that intended to be observed; it is necessary to 
know the meaning of such mathematical object. It is possible to determine the 
meaning or meanings of a given mathematical object from the historical 
development of it through time. In this sense, Pino-Fan, Godino and Font 
(2011), propose that the reference meaning is understood as the systems of 
practices that are used as reference to elaborate the meanings that are intended 
to be included in a study process. For a concrete educational institution, the 
reference meaning will be a part of the holistic meaning of the mathematical 
object.  
In the OSA, the notion of mathematical practice is of great relevance, which 
refers to any performance or manifestation (verbal, graphic, etc.) carried out by 
someone in order to solve mathematical problems, to communicate the solution 
to others, to validate the solution and generalize it to other contexts and 
problems (Godino and Batanero,1994, p. 334). The practices can be 
idiosyncratic of a person (personal practices) or shared within an institution 
(institutional practices). Furthermore, in the OSA the anthropological premise 
of socio-epistemic relativity of the system of practices, of the emergent objects 
and the meaning, is assumed. Thus, the meaning of a mathematical object is 
understood as the system of practices that a person makes (personal meaning) or 
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shared in the heart of an institution (institutional meaning) to solve a type of 
situations-problems.  
Pino-Fan, Godino and Font (2011) indicate that the partial meaning of the 
mathematical objects (that constitute the global reference meaning) have 
associated epistemic configurations (situations/problems, linguistic elements, 
concepts/definitions, properties/propositions, procedures and arguments) that 
are mobilized when solving certain problems situations, in given historical 
problems, and that gave rise to the emergence, evolution, formalization and 
generalization of a given mathematical object, in this case, the random variable.  
REFERENCE MEANING OF THE RANDOM VARIABLE 

Based on the study of diverse historical stages of the random variable evolution, 
according to different authors (e.g., Ruiz, 2013; Alvarado, 2007; Ortiz, 2002; 
Heitele, 1975), it is shown that the mathematical object variable is the result of 
numerous generalizations made through an evolution of more than 800 years. 
Thus, it was possible to identify four meanings of the random variable, which 
are described below. 
Meaning 1:  The Random Variable as a Variable of Interest 

One of the first problem areas in which the idea of random variable is observed, 
is the one linked with games of chance. However, the more formal 
mathematical analysis of them, appeared in relatively recent times (García, 
1971). The ideas depicted in these works are not very formal, as the existence of 
variables or distributions in a general form, is not mentioned. Nevertheless, 
variables are defined for particular cases and in certain cases their distributions 
are considered. Different mathematicians were attracted by the problem of 
estimating the equitable wager in the game of chance, which led them to 
implicitly consider random variables and distribution. In modern terms, their 
main interest was the mathematical expectation of the variable. Such was the 
case of Fournival, Cardano or Galileo, who motivated by their interest to find 
the best wager in games of chance, were devoted to study the possible outcomes 
for rolling three dice. At a later stage, Pascal and Fermat, based on the ideas of 
Fournival, Cardano and Galileo, started with the probability theory in search of 
the solution for the equitable wager, further on, is Huygnes who manifests the 
need to think about a variable of study, that is to say a variable of interest in 
consideration of the context. In the analysis of his solution, Huygens makes 
explicit the needed variable to analyze: “IN the first place we must consider the 
number of Games still wanting to (win) either Party” (Huygens, 1714/1657, 
p.4), for that, he situates in the context of the problem.  
Meaning 2: Random Variable as Magnitude 

De Moivre (1756), established a change regarding previous books of 
probability. Latin began to be replaced by writing in or simultaneously 
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translating into English or the native language of the author, which made that a 
specialized vocabulary would develop faster by working with a living language. 
Furthermore, it showed a different conceptual approach, in which he clearly 
separated the probability of an outcome from its value or the expectation. In its 
third edition (De Moivre, 1756) established the paradigm of mathematical 
probability, leaving behind the philosophical problems and forming the 
theoretical basis to all his propositions (Sylla, 2006). 
According to Pearson (1924), De Moivre wrote the first treatment of the 
probability integral and the essence of the Normal Curve, contributing with 
diverse tools for the field of probability. In that age, scientists used the idea of 
variable connected with the study of mathematical analysis. It was commonly 
called quantity or variable magnitude, which evidenced its character linked with 
measurement, process in which, the quality could take different values. 
Meaning 3: The Random Variable as Statistical Variable 

In parallel to the development of the probability theory, through the resolution 
of game problems, emerged the birth of statistics through the gathering and 
description of social or economic data. The human has had the need to do 
counts and representations that could be considered simple statistical recounts 
from time immemorial. The need to know and plan, in the sense of knowing 
what is at hand and make accessible and manageable that information to take 
decisions, caused that little by little politicians, traders and militaries would 
carry out increasingly sophisticated census and counting. 
Thus, the statistical variable is associated with the observation and description 
of a sample from a dataset. Following this idea, Ríos (1967) proposed that the 
statistical variable describes the set of values obtained in the data by making the 
experiment a concrete n number of times, then, if we consider a random 
experiment S and make a certain n number of tests relative to the same, we 
obtain a set of observations called random sample of extension n. This set of 
results will provide a statistical table in which certain values of the variable 
correspond certain frequencies. To such “variable, that only represents the n 
results of n executions of the S random experiment will be referred as statistical 
variable” (Ríos, 1967, p.70). 
Meaning 4: The Random Variable as a Function  

Hawkins and cols. (1992), consider the concept of random variable as a function 
with numerical values which domain is a sample space. Borovcnik and cols. 
(1991) indicate that a variable is random when its value is determined as a result 
of a random experiment; it also establishes that to characterize a random 
variable we need to know the set of all its possible results and the probabilities 
associated to each of them.   
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Then, a random variable is defined as a function of the sample space E in the set 
of real numbers R. Not any function can be a random variable. It is necessary 
that, for each interval I, the set should be an event of the sample space and, thus, 
should have a well-defined probability. This guarantees that the random 
variable would carry the P probability that is defined over the E sample space to 
the real line.  
On the basis of that, Ortiz (2002) identifies the following elements of the 
meaning of the random variable as a function:  

RV 1: The random variable takes its values depending on the results of 
a random experiment. 

RV 2: It is a function of the sample space in R. 
RV 3: Is characterized through the distribution of probability, along 

with the values that takes with its probability. 
RV 4: It is required that, for each I interval of R, the original set would 

be the event of the sample space. 
RV 5: A random variable defines a measurement of probability over 

the set of real numbers. 
RV 6: For each random variable we can define a function of 

distribution in the following way:  
 
 

RV 7: The function of distribution of a random variable is a real 
function of real variable, monotonous non decrescent. 

RV 8: The function of distribution of a random variable determines on 
a biunivocal form the distribution of probability. 

RV 9: Be  (xi, pi) i ∈ I  the distribution of probability of a discrete 
random variable. The media or mathematical expectation is 
defined as E[ξ] = ∑ xipii ∈I  . This concept expands the idea of 
media in a random variable. 

RV 10: The mode is the most likely value of the variable. 
RV 11: The median is the value of the variable by which the function of 

distribution takes the 1/2 value. Then, the probability that one 
random variable would take a lower or equal value to the 
median es exactly 1/2. 

METHODOLOGICAL ASPECTS OF THE STUDY  

The sample selected corresponds to the mathematics textbook of Chilean 
secondary education. Secondary education in Chile considers 6 levels, from 7th 
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grade (12 years old) to 12th grade (15 years old). Each year the Chilean Ministry 
of Education (MINEDUC), provides textbook for free to all the students from 
public institutions. The elaboration of such textbooks is awarded on a tender 
basis, thus throughout secondary education it is observed that different 
editorials oversee the elaboration of them, as we can see in Figure 1. 

 
Figure 1: Representation of the editorials in charge of the edition of textbooks in 

Chile for each educational level 
For the purposes of the present work textbooks from secondary education were 
selected, excepting those of 11th and 12th grade, as they are outdated in relation 
to the national curriculum published by the end of 2019. Along with the 
mathematics textbooks of 7th, 8th, 9th, 10th grade, the 8th and 11th grade history 
textbooks were analyzed, because of the relationship between the axis of 
statistics and probability with the objectives set by the history subject around 
the development of skills such as critical thinking.  
EXAMPLES OF DEVELOPMENT OF THE ANALYSIS 
To facilitate the analysis, a database which user screen we can see on Figure 2, 
was created. In such database the pictures of the proposed tasks in textbooks are 
uploaded and further analyzed. First, the general information of the task, the 
level, the subject, the code of the task, the section analyzed and the page of the 
original document from which it was extracted, are entered. 

 

Figure 2: Database for analysis of typologies of tasks and meanings of the R. V 

 
After that, the context present on the task is categorized. Based on a historical 
study 7 possible contexts were determined: (a) games of chance, considering 
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every task involving dices, cards, coins, picking from a bag and others; (b) 
census and records, considering every task related with the counting of a 
population and its characteristics; (c) natural and biological sciences, 
considering any task related with natural environment, health, flora and fauna; 
(d) physics and astronomy, taking into account every task concerning stars and 
physical processes such as sound, speed, among others; (e) observation and 
interpretation of data from polls, entails every task in which interpretation of 
poll data is not determined by a particular population and which size is lower 
than that of a census, as well as, the data recording in matches of different types 
of sports, is involved; (f) formal, considering tasks which context is the use of 
axioms and formal definitions of the variable; and (g) without context.  
Once the context is defined, the meaning which the task is trying to address is 
identified, this is done through the statement itself of the task and of the 
elements of the epistemic configuration intended to be used in the practices that 
solve the task. These meanings are: (S1) as variable of interest: (S2) as 
magnitude: (S3) as statistical variable; (S4) as function. Additionally, problems 
without classification were contemplated for such cases in which the task 
mobilizes more than one or any meaning, with or without context.  
Once the context and meaning are identified, the types of activated 
representations or the ones expected to be activated by the task are analyzed, 
say: verbal, graphic, symbolic, tabular or iconic. Moreover, a differentiation 
between the previous representation, which we understand as the ones that 
should, originally, interpret and decode the student (or subject) with the aim of 
comprehending and facing the task; and emergent, seen as those that emerge as 
part of the subjects answers (or expected answers, if seen from an institutional 
point of view), is made . Depending on the type of task, it is possible that apart 
from a previous representation and an emergent one, may arise a transitory, 
necessary to address before the emergent representation.  
Finally, and particularly for meaning four (S4), random variable as function, the 
intentional elements present in the task are identified, as well as, the typology of 
problems, based on the previously mentioned proposal of Ortiz (2002). 
FINAL REFLECTIONS 
From the analysis performed so far, we have determined that the intended 
meanings of the mathematics Chilean curriculum about the notion of random 
variable seem not to be representative of the holistic meaning of reference. 
While it possible to distinguish tasks that promote the S1 and S3 meanings, in 
the earlier stages of secondary education (7th and 8th grade) S2 meaning cannot 
be observed. On the other hand, despite 10th grade provides a complete section 
entitled random variable, in which this function is defined as that which takes 
values according to the results of an random experiment, promoting S4, in 9th 
grade there is no visible definition of the variable provided, in detriment of an 
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adequate transition between meanings. It appears that the existent relation 
between the statistical variable and the random variable is not promoted, 
restricting the first to a mere characteristic of a population, omitting the 
conception of this as the description of an n number of experiments, which 
would allow favoring a better transition of the students from meaning 3 to 
meaning 4. Finally, regarding the contexts of work, games of chance continue to 
be present in greater extent, followed by the observation of polls and census and 
records. Concerning the variables in study there is a tendency towards discrete 
variables in lower levels, it is worth noticing that, although there are tasks that 
promote the distinction between variables of discrete and continuous kinds in 
the first levels, this distinction seems to be lost as the higher levels are reached.  
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